A temporal variation of a spectrum of excited modes in a continuously pumped erbium-doped random fiber laser (RFL), based on randomly distributed Bragg gratings, is studied. Developed phenomenological theoretical model assumes hard excitation mechanism of the eigenmodes instability. The model explains qualitatively peculiarities of the spectrum variation, observed experimentally. * bliokh@physics.technion.ac.il
I. INTRODUCTION
Random lasers are complex photonic devices which rely on multiple scattering of light in non-homogeneous media with optical gain [1] . A random laser was introduced in the late 1960s [2] and was unambiguously demonstrated only in 1994 [3] . Since then random lasers have been thoroughly characterized in a diversity of systems, for example, biological materials [4] , cold atoms [5] , rare-earth-doped crystals [6] and optical fibers with different sources of random feedback [7, 8] .
The first demonstration of a random laser based on optical fiber employed a dye:TiO2 colloid in the hollow core of a photonic crystal fiber, constituting therefore a random fiber laser [9] . This work was followed by the reports of Lizárraga and coauthors [10] and Gagné and Kashyap [11] , who exploited erbium-doped fibers with randomly distributed Bragg fiber gratings (FBG) as scattering elements.
Over last decades RFLs have been realized in different configurations utilizing different amplification techniques. RFLs demonstrate a number of promising properties, such as high efficiency generation, wide span tunability together with high robustness, narrow-band, cascaded laser, laser with polarized pumping and other [12] . The generation efficiency of a random DFB fiber laser can be superior to those of lasers with conventional cavity design due to the specific power distribution along the cavity [13] .
The vastly different length scales on which random lasing may occur, and many different physical systems in which they have been realized, have triggered the development of different theoretical approaches including Anderson localisation model, diffusion model, or Monte Carlo simulation [14] [15] [16] [17] [18] [19] [20] . Due to essentially multimode generation there are strong fluctuations of the output radiation intensity [21] , study of that may give insight to the processes underlying. Thus, instability of intensity may indicate on considerable nonlinear interactions of the light field with the active medium [22, 23] , that can be considered in the paradigm of wave turbulence [24, 25] . Fluctuations also can be found in the output spectra. This behavior has been shown to deviate from the Gaussian regime with weak fluctuations below the threshold switching to a Lévy-like statistics above the onset of random laser emission [6] .
This system was recently exploited as a photonic platform for studies of complex systems, such as spin -glass analogy through the observation of the replica-symmetry-breaking phase transition [26] . Moreover, it was shown recently [27] that utilizing cavities with complex spatial structure in a semiconductor medium may prevent the formation of self-organized structures such as filaments that are prone to modulations instabilities.
Although nonlinear interactions are usially assumed to result in a fast processes, it was shown that multimode random fiber lasers with feedback due to a set of FBGs may possess strong deviations in the shape of the spectrum [10, 28] with large characteristic times approaching seconds. Such a behavior isn't described in the aforementioned models, while it's crucial for possible applications.
While some features of the slow instabilities of the output radiation spectrum of a random fiber laser with feedback based on a set of fiber Bragg gratings were presented in [28] , here we study in details slow spectral dynamics and introduce a model that qualitatively explains the system behavior.
II. SAMPLE AND EXPERIMENTAL SETUP
We built up a random fiber laser using a commercial Er/Ge co-doped single mode optical fiber Er304 made by INO (International Optics Institute). The core diameter is D c = 3.8 µm, and the maximum absorption is about 5.9 dB/m at 1532 nm. Fiber Bragg gratings (FBG) were inscribed in the fiber core by exposing with UV light from an intracavity frequency doubled Argon-ion laser (λ r = 244 nm) using a conventional mask technique [29] . The 10 mm-long mask has a spatial period of 1059.8 nm. The length of each of the fabricated gratings L g was about 3 mm, and the distances L i between two neighbouring gratings were randomly distributed in the range 10 ± 0.3 cm, Fig. 1 . Total number of Bragg gratings is 14, and the total length of the structure is L = N(L g + L i ) ≈ 170cm. Transmission spectrum of the FBG set, has a number of peaks appeared at random places thus confirming Anderson localisation [30] . The correlation length, as estimated considering a reflection coefficient of a single FBG of approximately 10%, gives the value of l loc =10 gratings. The transmission spectrum of the fabricated laser in passive regime is presented at Fig. 1(b) .
III. EXPERIMENTAL RESULTS AND ANALYSIS
The measurements of the spectrum of generation were performed using Finisar 1500s spectrum analyzer. It allows acquiring spectra with frequency of around 10 Hz and spectral 
IV. THEORETICAL MODEL
As it was mentioned above, the resonant frequencies of the disordered set of scatterers are randomly distributed in a certain interval, that allows one to suppose the absence of phase correlation between excited modes. Thus, one can use the simplest model which consists of the rate equations for inversion population density n(t, x) and the modes intensities I(x, t)
[31]:
Here the intensity I α (x, t) of the α-th mode is presented in the form
spatial distribution of the intensity along the fiber of the length L is described by the
diss describes the QNMs intrinsic energy loss (dissipation, leakage), t rel is the relaxation time of the inverse population, G is the gain coefficient, n 0 is the equilibrium population in the absence of modes field.
Let us rewrite Eqs. (1) and (2) in dimensionless form:
Here
First let us estimate the threshold value of the gain coefficient g, which correspond to the mode excitation. In a random medium QNMs are localized states, whose spatial structure is defined by the localization length, ξ ℓ , and position of the localization center, 
Substitution Eq. (6) int Eq. (3) leads to equation, which defines the steady-state amplitude of unstable mode:
Integral in Eq. (7) can be easily evaluated (ξ ℓ ≪ 1 !),
and Eq. (7) can be presented as follows::
Equation (9) has solution only when
For a localized state in a dissipationless medium the dissipation coefficient γ diss is defined by a wave leakage from the sample edges:
, where v g is the wave group velocity into the medium, and R 1,2 are the reflection coefficients from the walls of the effective cavity formed due to the Anderson localization. Thus,
Here T 1,2 = 1 − R 1,2 ≪ 1 are transmission coefficient of the effective cavity walls. In the dimensionless form
Example of numerical solution of Eqs. (3) and (4) Dimensionless localization length in this example is equal to 0.1, ξ ℓ = 0.1. All the lazing modes are located at the distances smaller than ξ ℓ from the fiber middle, |ξ α − 0.5| < ξ ℓ , and there are no another modes in this region. Despite the fact that all these modes are more or less overlapped, the competition for inverse population does not lead to the total suppression of one mode by the other one. The only reason why namely these modes are excited is their relatively small dissipation coefficients, defined by Eq. (12) and satisfying condition Eq. (10).
Because the competition itself cannot explain observed experimentally switching between lazing modes, the model should be modified. It was mentioned above that when some parameters of excited mode vary with time in such a way that the excitation condition Eq. (10) is violated, then the suppressed mode can be excited. This variation of the mode parameters should be different for the suppressed and dominant modes, otherwise condition Eq. (10) will be violated for both modes, i.e., the initially suppressed mode will never be excited. Thus, the rate of change of the mode's parameters depends, either directly or indirectly, on the mode amplitude.
Determination of physical reasons that lead to the parameter variation is out of scope of the paper. The aim of this research is to show that this behavior can, in principle, explain experimental data. Therefore we will consider further the simplest case when only one parameter in Eq. (10), namely γ (α) , is varied.
In general, the dissipation coefficient γ (α) includes leakage and volumetric dissipation:
Let us assume that the dissipation coefficient γ
vol depends on a "temperature" T α which, in its turn, is defined by "heating" of an effective resonator, associated with the given mode α, by the excited field with amplitude b α :
Here κ ± are the coefficients. The first term in the right-hand-side of Eq. (15) describes "heating", the second one describes relaxation to the environment's "temperature" T 0 = 1.
The volumetric dissipation can, in principle, be frequency-dependent, similarly to a frequency-dependent gain. This justify introduction of individual "temperatures" T α for different resonators.
Example of numerical solution of Eqs. (3) and (4) with γ (α) defined by Eqs. (13), (14), (15) and the same values of other parameters is shown in Fig. 5 . Interaction between the modes through the competition for inverse population is visible in Fig. 5 at time τ ≃ 1.5 · 10 4 , but the switching between modes is absent in this model also.
In order to understand why the previous models do not lead to the desired result, let us present Eq. (3) for one mode in the form
The steady-state solutions are b = 0 and positive zeros of Φ(b), if they exist.
In the models above function Γ diss does not depend explicitly on the amplitude b;
In contrast, Γ gain (b) depends on the amplitude:
[see Eq. potentially unstable modes are excited simultaneously. Later, after transit process, only several oscillating modes, whose number grows with increasing of the pump value, can be observed at one time. It means that the modes switching is unique to lasers with long-time pumping.
V. CONCLUSION
Temporal evolution of the spectrum of continuously-pumped random fiber laser, based on the Er-doped fiber with randomly distributed Bragg gratings, has been studied experimentally and in the frame of developed phenomenological mathematical model. The simplest model which consists of the rate equations for inversion population density and the modes intensities [31] is used as a basis and modified in order to fit experimentally observed peculiarities of the spectrum temporal evolution. It is shown that incorporation of a saturated absorption into the model and assumption, that there is a certain slow process (like, e.g., heating) caused degradation of Q-factor of the excited mode, can change scenario of the oscillations excitation. Instead of the soft excitation, which is characterized by continuous growth of the mode amplitude with the pump excess over the threshold value, the hard excitation mechanism is responsible for relatively fast step-like appearance and disappearance of the radiated spectral line.
Numerical studies of the proposed model demonstrate features peculiar to the spectrum dynamics, listed below:
(i) the number of simultaneously observed lines, N las , is much smaller than the expected number of eigenmodes, N mod , in this frequency interval;
(ii) any spectral line exists during only some time interval (usually several tens of seconds);
(iii) there is a strong temporal correlation between appearance of one spectral line and disappearance of the other one (modes switching);
(iv) one time disappeared emission line could arise again with the same frequency;
(v) the characteristic time scale of the spectral line switching is much smaller than the characteristic "life time".
In spite that the developed mathematical model is able to reconstruct qualitatively the experimental data, the further investigations, both experimental and theoretical, are essential for revealing of concrete physical processes, which can justify the model's basis assumptions.
